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Abstract
Two dimensional Warped Conformal Field Theories (WCFTs) may represent the
simplest examples of field theories without Lorentz invariance that can be described
holographically. As such they constitute a natural window into holography in non AdS
space-times, including the near horizon geometry of generic extremal black holes. It is
shown in this paper that WCFTs posses a type of boost symmetry. Using this insight,
we discuss how to couple these theories to background geometry. This geometry is
not Riemannian. We call it Warped Geometry and it turns out to be a variant of a
Newton-Cartan structure with additional scaling symmetries. With this formalism the
equivalent of Weyl invariance in these theories is presented and we write two explicit
examples of WCFTs. These are free fermionic theories. Lastly we present a systematic
description of the holographic duals of WCFTs. It is argued that the minimal setup is
not Einstein gravity but an SL(2, R)×U(1) Chern-Simons Theory, which we call Lower
Spin Gravity. This point of view makes manifest the definition of boundary for these
non AdS geometries. This case represents the first step towards understanding a fully
invariant formalism for WN field theories and their holographic duals.
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1 Introduction
It is believed that holography is a very generic phenomenon that extends to cases where
the geometry of space-time is not Anti de Sitter (AdS) [1, 2, 3, 4]. A related fact is that
many Quantum Field Theories with no parity, no Lorentz invariance and/or with generalized
symmetries are believed to be described by gravitational-like theories [5] . It is even believed
that cosmological setups, like de Sitter space (dS), can be described by dual field theories
[6, 7, 8].
The main reason behind these expectations is that the entropy of black holes is given
by their area in very general conditions:
SBH ∼ Area
`d−1P
(1.1)
where `P is a fundamental length scale in the gravitational theory in d + 1 spacetime
dimensions. Notice that this result applies to general space-time backgrounds, including
AdS, dS and flat space. Of course our benchmark for holography remains AdS and its dual
Conformal Field Theory (CFT) [10, 9, 11]. It is very likely, however, that we will not be
able to understand the true nature of the holographic phenomenon until it can be extended
successfully, and at a well established level, to non-AdS spaces. One reason to suspect this
is the case is that in AdS holographic screen areas and bulk volumes scale in the same
way due to the particular curvature of its metric. This fact obscures slightly the nature of
holography as the distinction between volumes and areas is not that clear.
Therefore, it is necessary to extend our area of study and consider other space-times
that, while non-AdS, can still be completely understood at the same level of precision we
understand AdS/CFT . One important case is that of extremal [1] or near extremal black
holes [12]. The near horizon geometry of these objects turns out to be completely universal.
Any extremal black hole in any theory, background or dimension exhibits an SL(2)×U(1)
isometry group. This means that if we could understand the holographic dual to such space
times we would learn about a part of phase space of quantum gravity that seems to be
fundamental. Kerr/CFT is such a proposal to study this problem [1]. Notice, however,
that postulating the existence of a dual CFT is a bold assumption as the space-time does
not posses the full SL(2)× SL(2) isometries we expect to represent the global symmetries
of a two dimensional CFT. Although hidden symmetries have been discovered allowing a
second SL(2) [13] and two Virasoro symmetries were found in related setups [14], it would
not be surprising if CFTs did not represent the minimal dual theories responsible for this
bulk physics.
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In [15] a new class of two dimensional Quantum Field Theories (QFTs) was presented
where only the SL(2) × U(1) factor constitutes the global symmetry group. It was shown
that these theories actually possess an infinite number of conserved charges satisfying the
Virasoro-Kac-Moody U(1) algebra by arguments similar to those used for CFTs [16]. These
theories were named Warped Conformal Field Theories (WCFTs) [17]. It turns out they
have enough structure to reproduce the entropy of black holes in space-times with SL(2)×
U(1) isometries1. These space-times are called Warped Anti de Sitter (WAdS) and were
studied in detail in [2, 3]. They can appear naturally in string theory where the string
sigma model can be exactly solved in certain situations [18]. These spaces give their name
to WCFTs.
Understanding WCFTs and their holographic dictionary has important implications for
other related problems as well. Over the years, the peculiarities of AdS2 space-times have
been discussed by several authors [19, 20, 21, 22]. This space-time presents important dif-
ferences from their higher dimensional cousins. Any finite energy excitation backreacts and
destroys AdS2. Related to this, it is not understood how to setup boundary conditions to
get a non trivial algebra of charges. From a holographic perspective, it has been argued that
Conformal Quantum Mechanics (CQM) models [23] should be dual to these geometries. An
important problem, however, consists in the fact that CQM does not typically have confor-
mally invariant vacua so they can’t be obviously dual to AdS2. Some of these difficulties
lie at the core of the problems involved in understanding the holographic description of
extremal black holes. Having a precise dual field theory that could capture the physics of
the AdS2 factor would be a step forward. WCFTs seem to be equipped to do this and are
closer in spirit to proposals involving chiral CFTs [24]. AdS2 is also very important from
an applications perspective. It has been suggested that the physics of non-fermi liquids can
be captured by holographic setups exhibiting semi-local quantum criticality [25, 26]. These
theories can provide exotic power laws in the temperature dependence of transport coeffi-
cients, as discussed in [27]. There exists a large class of holographic models that presents
this exotic behavior, but all of them include the physics of AdS2 in one way or the other
[28]. It is, therefore, of interest to understand the field theoretic models that could account
for this physics. In this ways WCFTs and related QFTs could find their place in condensed
matter physics applications.
We have also mentioned cosmological setups. It turns out there also exists a connection
1These theories can also account for the entropy of (near) extremal Kerr black holes. This case is slightly
singular and it requires a separate analysis.
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between dS and AdS2 spaces. The static patch of dSd+1 space-times is conformally related
to AdS2 × Sd−1. This fact was exploited in [8] to present some evidence for a version of
static patch holography. Most of the problems in realizing this setup are the same issues
observed in AdS2.
We have, thus, presented a number of reasons to study WCFTs and their holographic
realizations. From the point of view of field theory, it would of course be of use to have
several examples of these theories that could be used as a benchmark. Sadly, there is a
lack of examples in the literature motivated by QFT considerations alone. One reason for
this is that until now there was no fully covariant formalism that made the symmetries of
WCFTs manifest. By this, we mean there was no discussion of what are the background
fields that constitute the geometry to which WCFTs couple to. Notice that this formalism
is of great use for usual CFTs. In that case we can construct fully covariant actions by cou-
pling quantum fields to background metrics. In this language, the presence of a conformal
symmetry is directly connected to Weyl symmetry acting on the background metric. By
using these ingredients we can see how to construct CFTs manifestly. Even more, when
no action principle description is available, background field methods allow us to calculate
general properties of partition functions of CFTs. The Cardy formula [29] is a concrete
example of this.
WCFTs do not posses Lorentz symmetry. As such, they are not expected to couple
to Riemannian geometry as CFTs do. The reason is simple. Riemannian geometry de-
scribes curved spaces that exhibit Lorentz symmetry in small enough local patches. With-
out Lorentz symmetry this description is not natural. We will develop in this work the
necessary geometric setup so we can couple WCFTs to background fields in a way that
symmetries can be realized manifestly. In particular this will prove useful to derive the
equivalent of Weyl symmetry in WCFT. Similar lines of research have been explored in the
literature recently to understand non-Lorentz invariant theories and their holographic duals
[30, 31, 32, 33, 34, 35, 36, 37, 38]. In these articles, the physics of Newton-Cartan structures
was studied in the holographic context. We will see that this is related to the physics of
WCFTs, although not equivalent.
Armed with this geometric structure (that we call Warped Geometry), it turns out
to be possible to write examples of WCFTs just by using standard QFT considerations.
These theories are manifestly invariant under the infinite dimensional Virasoro-Kac-Moody
U(1) algebra. Furthermore, these symmetries can be readily seen from the action of a
Warped Weyl symmetry which will be described in detail. It should be pointed out that the
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formalism is completely invariant under general diffeomorphisms even though the geometry
is not Riemannian. The difference lies in the tangent space symmetries.
This point raises another interesting connection. WCFTs posses an exotic infinite di-
mensional symmetry that is realized in space-time. The reason that this is possible is the
assumption of locality. But up to this (important) issue, it is possible that the same geomet-
ric techniques developed here could be applied to other cases where there are also exotic
infinite dimensional algebras acting on target space. WN CFTs are an example of such
theories. One issue that complicates the study of these theories is that we don’t have a fully
democratic formalism that puts the higher spin currents in these models on equal footing
with the energy-momentum tensor. An example of this consists in the fact that we use
conformal dimensions to classify deformations of these WN theories, singling out the action
of the spin two current on other operators. This point of view makes it confusing to study
deformations by the higher spin current themselves, which are irrelevant operators under
this classification2. It would be desirable, instead, to develop a notion of renormalization
group flow for these systems that makes manifest the WN symmetry. The formalism de-
veloped in this work does the equivalent for WCFTs. As we will explain these are theories
with a weight 2 and a weight 1 current. Our formalism treats these currents democratically.
As such one could see WCFTs as a toy model for higher spin theories. Perhaps WCFTs
should be called, lower spin theories, in analogy.
There is yet another important reason to understand the background geometry that
WCFTs couple to. This is related to holography. One of the fundamental tenets of hologra-
phy is that the boundary values of bulk fields determine the sources the dual QFT couples
to. Thus, if one is interested in constructing a holographic bulk dual to WCFTs it is impera-
tive that we know what this geometric variables are. Since we claim the boundary geometry
is not given by Riemannian geometry, we reach the interesting conclusion that the bulk dual
theory is not naturally given by Einstein gravity. This is not completely unreasonable and
similar proposals have been made before. Particularly in the case of Horava-Lifshitz gravity
[40, 41]. Still, there currently exist conventional setups where Warped AdS space-times
appear in their space of solutions. Why should we try to build a different formalism? The
reason is that none of these setups is minimal. They all contain other massive fields that
are not related to or required by the symmetry structure of WCFTs. Popular examples
where Warped AdS3 solutions are found include Topologically Massive Gravity [2] and the
2In order to understand the difficulties, see the very interesting discussion of deformations in WN theories
in [39].
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massive vector model [42]. Both cases contain extra massive fields. One can understand
the situation by noticing that these models exhibit a different symmetry group locally in
space-time. The appearance of WAdS3 spaces relates to the existence of symmetry breaking
solutions. Therefore, by considering these theories we are making unjustified assumptions
about the UV behavior of these theories. Even worse, the UV behavior of these models is
far from clear and probably inconsistent. We propose, based on the boundary geometry of
WCFTs to consider a bulk geometry that gives dynamics to this Warped Geometry. We will
show this bulk theory is given by an SL(2)×U(1) Chern-Simons model in three dimensions.
We call this theory Lower Spin Gravity. This theory is to WCFTs what three dimensional
pure gravity is to CFTs in two dimensions. It represents the minimal bulk construction
needed to realize the symmetry algebra holographically. Furthermore, these theories posses
a much healthier UV behavior and could make sense by themselves as the Chern-Simons
description of Einstein gravity might [43, 44, 45].
We comment on one more advantage of considering a bulk where the symmetries make
manifest the symmetries of the boundary theory. Generically, when one considers non AdS
space-times different components of the bulk fields scale with different weights under the
boundary scaling symmetry. For example, in Lifshitz solutions different components of the
metric exhibit different scalings. This adds a level of confusion as it makes hard to read
off boundary quantities from the bulk. In the example just mentioned the time component
of the metric dominates over the space components and it is not clear anymore what the
dimensionality of the boundary is. This fact complicates the formulation of holographic
renormalization [46, 47] and obscures the Weyl symmetry. We will see that in Lower Spin
Gravity each geometrical field shows a well defined scaling behavior. This allows for a
description of the renormalization group flow in a language consistent with the symmetries
of the problem along the lines of our discussion above.
The structure of this article is the following. In section 2 we offer a brief review and
a concrete definition of Warped Conformal Field Theory in two dimensions. We discuss
what singles out WCFTs from the larger space of theories discussed in [15] and argue
that they enjoy an additional symmetry not previously discussed: a type of boost. We
discuss the properties of the boost current in WCFTs and introduce the necessity of a
formalism to couple WCFTs to background fields. In section 3 we develop the fundamental
notions of Warped Geometry. We do this with especial emphasis in two dimensions but
also discuss the generic d > 2 case. We develop all notions in flat space and then extend
them to generic curved spaces. It is argued that there is a natural geometric structure,
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called scaling structure, that plays the role of a light-cone in WCFTs. In section 4 we
explain how to couple generic WCFTs to Warped Geometry. We explain how to construct
conserved charges and obtain the Warped Weyl invariance that acts on background fields
when coupled to a WCFT. Lastly, we use the formalism to write two particular examples of
WCFTs in two dimensions. In section 5 we construct the holographic bulk dual to WCFTs.
We call it Lower Spin Gravity. We discuss briefly how the Virasoro-Kac-Moody algebra
is coded in the bulk and make contact with previous holographic construction of Warped
AdS3. We finish in section 6 with conclusions.
2 Preliminaries: Warped Conformal Field Theory
In this section we give a definition of Warped Conformal Field Theory and a brief summary
of known results. Furthermore we present a concrete characterization that singles out
WCFTs from the bigger space of theories with chiral scaling considered in [15]. As it turns
out, there is a type of boost symmetry that can be used to completely specify this family of
theories. Lastly we argue for the necessity for completely general background field methods
when analyzing these theories.
2.1 What is a WCFT?
Here we review briefly the definition of Warped Conformal Field Theories given in [15] and
[17]. We will adjust the notation conveniently to match what follows in this article. Also,
we will try to be especially precise in this definition so we can single out what makes a
WCFT special.
Let us define a 2d Generalized Conformal Field Theory (GCFT2) to be a unitary local
Quantum Field Theory in two dimensions that posses at least three global symmetries.
They are translations in both coordinates and rescalings in one of them. Let us call x
the scaling coordinate and t the non-scaling coordinate. There is no need at this point to
identify x and t with space and time.
These symmetries are generated by the associated conserved charges H, D and H¯ as:
H : x→ x+ δx, H¯ : t→ t+ δt, D : x→ λx. (2.1)
Associated to these charges there must be conserved currents as a consequence of locality.
There are given by Jµ, J¯µ and JµD for H, H¯ and D respectively.
Notice that usual 2d Conformal Field Theories (CFT2) are included in this group of
theories. They posses the symmetries above as well as the additional symmetry t→ λ¯t. In
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this case we think of x and t as light cone variables and the theory is Lorentz invariant.
This is not the case for a generic GCFT.
The commutators for the above charges are:
i[D,H] = H, i[H, H¯] = 0, i[D, H¯] = 0. (2.2)
These commutators imply that we can write:
JµD = xJ
µ + SµD (2.3)
where SµD is a local operator. Furthermore, conservation of the J
µ and JµD currents impose
the following relation:
Jx + ∂xS
x
D + ∂tS
t
D = 0. (2.4)
It was argued in [15] that SxD is a dimension 0 operator, i.e. i[D,S
x
D] = x ∂xS
x
D. As such,
its two point function with itself can only be a function of t. This in turn implies that
∂xS
x
D = 0 in correlation functions, up to contact terms, for the theory to be unitary.
The currents associated to conserved charges enjoy some ambiguities. It is possible to
redefine them such that the commutation relations are still satisfied as well as the conser-
vation equations. Given that ∂xS
x
D = 0 we can redefine the above to shift away S
x
D and S
t
D
completely3.
Jx → Jx + ∂tStD, J t → J t − ∂xStD. (2.5)
The end result is we can set
Jx = 0 → J t ≡ T (x). (2.6)
This implies the existence of an infinite family of charges
Tξ =
∫
dx ξ(x)T (x) (2.7)
where the integral is calculated over a contour where we decide to quantize the theory. We
can call this a spatial slice. It does not have to coincide with a t = constant surface. As
a matter of fact, as long as it is not a x = constant surface, the expression above is valid.
We consider this is the case when defining the initial value problem in our theory.
The charges (2.7) were shown to form a Virasoro algebra in [15].
It also turns out that J¯x is a weight zero operator. This implies ∂xJ¯x = 0 and ∂tJ¯ t = 0,
as a consequence of the conservation equation. Thus, we can define
J¯x = T¯ (t), J¯ t = P (x). (2.8)
3See, however, below for a subtlety concerning SxD.
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We can therefore build new infinite families of conserved charges as:
T¯ξ¯ =
∫
dt ¯ξ(t)T¯ (t), Pξ =
∫
dx ξ(x)P (x). (2.9)
It was shown also in [15] that T¯ξ¯ form another Virasoro algebra and Pξ form a U(1) Kac-
Moody algebra.
At this point we can make the following statement. We said that a CFT2 is a particular
case of the construction above. Namely, a CFT2 is a GCFT2 where P (x) = 0. Then the
theory possesses just two Virasoro algebras. Furthermore, we can assemble the Jµ and
J¯µ currents in a symmetric energy-momentum tensor. This implies the theory is Lorentz
invariant, in addition to the symmetries required in (2.1). So, it corresponds to a case where
more structure is available. As a matter of fact, one could invert the argument. If we add the
requirement of Lorentz invariance, the theory has to posses a symmetric energy-momentum
tensor [16] and then P (x) must vanish.
This discussion was satisfying as we have pinpointed what makes CFTs special in the
bigger space of GCFTs.
What is a Warped Conformal Field Theory? It corresponds to the dual minimal case:
a WCFT2 is a GCFT2 such that T¯ (t) = 0. The question that now arises is: what is special
about these theories? Is there a symmetry responsible for T¯ (t) = 0?
We will answer the question in the affirmative in the next section.
2.2 What makes a WCFT special?
We claim that there exists an additional symmetry we can impose such that all theories
consistent with it and (2.1) are WCFTs. It is given by
B¯ : t→ t+ vx. (2.10)
We call this symmetry a generalized boost symmetry even though t could be chosen to
represent time. The commutators of B¯ with the other charges are:
i[H, B¯] = −H¯, i[D, B¯] = −B¯, i[H¯, B¯] = 0. (2.11)
In a similar fashion as before, the commutators imply we can write the current associated
with the B¯ symmetry as:
J¯µ
B¯
= x J¯µ + Sµ (2.12)
where Sµ is a local operator. Conservation of this current implies:
J¯x + ∂xS
x + ∂tS
t = 0. (2.13)
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The new commutators fix the scaling dimensions of the Sµ operators to be -1 for Sx and
0 for St. Unitarity then implies that Sx = 0 following the same arguments as in [15].
Furthermore using the same type of shift as in (2.5) we can redefine St away. Notice that
in this case the constraint is stronger than the results obtained for the scaling current, as a
consequence of the lower scaling dimensions. We have
Sµ = 0. (2.14)
The result is
J¯x = 0. (2.15)
This is exactly the WCFT constraint. Therefore a WCFT is a GCFT where the boost
symmetry (2.10) has been also added as a requirement. Warped Conformal Theories are
not Lorentz invariant but posses instead a structure that can be used to constrain the form
of conserved currents in an analogous way.
We will now make one last technical comment. In [15] it was explained that for generic
GCFTs, the operator SxD could be responsible for yet another U(1) Kac-Moody symmetry.
We will now show that for the minimal cases corresponding to CFTs and WCFTs this can’t
be the case. The way to see this is to notice that the dilatation current JµD needs to be
shifted to absorb the changes induced by (2.5). The corresponding shifts are:
JxD → JxD + ∂t
(
xStD − tSxD
)
, J tD → J tD − ∂x
(
xStD − tSxD
)
. (2.16)
The result produces:
JxD = −t ∂tSxD, J tD = xJ t. (2.17)
So while we see we have managed to obtain the standard result for the J tD component, free
from contamination from SD, there is still a remnant from S
x
D contributing to J
x
D. If we
expect the dilatation to be part of the Virasoro family (2.7), we must have JxD = 0. It is
easy to see this is the case for CFTs and WCFTs.
Let us first consider CFTs. In that case the presence of Lorentz symmetry implies the
existence of a second scaling symmetry t → λ¯t. The operator SxD is easily seen to have
scaling dimension 0 under this new symmetry. As we argued in the case of x scaling, this
necessarily implies ∂tS
x
D = 0 inside correlation functions for the theory to be unitary. This
means immediately that we can set SµD = 0. So there can’t be other symmetries generated
by SµD.
In the case of a WCFT a very similar argument applies. The boost symmetry acts as
ix∂t. Furthermore the commutators (2.11) imply that S
x
D can’t have any boost charge. The
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consequence is that the two point function of SxD needs to be annihilated by the differential
operator x∂t. Once again, in a unitarity theory this implies ∂tS
x
D = 0. Thus, there can’t be
any new symmetries generated by SµD in WCFTs either.
2.3 Background field methods
Once the symmetries of a Quantum Field Theory are understood, a very powerful tool
consists in coupling such a theory to external sources. In the particular case of symmetry
currents, these sources consist of background fields that define the geometry the field theory
lives on. This background field method is of great importance. On the one hand, it helps
us to write actions that are manifestly invariant under the symmetries we are considering.
On the other, variations of the action with respect to these fields give us an alternative
definition for the conserved currents of these theories.
Most importantly, we can use background fields to derive general properties of the type
of theories we are interested in studying even when we don’t have an explicit form of the
action. This a crucial tool when one considers strongly coupled theories that might have no
Lagrangian description. For example, when considering a CFT, it is known that the action
is invariant under Weyl rescalings of the background metric:
gµν → λ(x)gµν . (2.18)
This symmetry at the level of the background fields is completely equivalent to the full
conformal symmetry that acts on the Quantum Field Theory. An important consequence
of Weyl invariance is that the partition function of a generic CFT inherits this symmetry.
Z[gµν ] ∼ Z[λ(x)gµν ] (2.19)
where the ∼ indicates possible quantum anomalies. Actually these anomalies are of great
interest and background field methods provide one of the best ways to study them. In the
case of CFTs in two dimensions these methods are directly behind the proof of the Cardy
formula for the entropy:
SCFT = 2pi
√
c
6
L0 + 2pi
√
c¯
6
L¯0. (2.20)
We are interested in developing this technology for the case of WCFTs. One reason is
that non trivial examples of WCFT lagrangians are lacking4. By developing a background
field method we expect to be able to construct explicit WCFTs. We will do just that in
4See, however, [54, 55] for a proposal.
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section 4.4 and present two examples using this technology. Furthermore we expect that
general results about WCFTs can be understood when an action principle is not available
as we discussed above. The first question that needs to be asked is: what is the equivalent of
Weyl invariance in WCFT? We will answer this question in the following section. Although
we don’t discuss this explicitly, this is the formalism behind the Cardy-like formula for
WCFTs obtained in [17]. These methods can be further exploited to perform a fully field
theoretic calculation of entaglement entropy in WCFT [52].
It is crucial to make the following observation. Because WCFTs are not Lorentz invariant
theories they do not couple naturally to Riemannian geometry. Riemannian geometry is
the theory of curved spaces that locally posses Lorentz invariance. This is why we use this
framework to describe background fields that couple to Lorentz invariant QFT currents.
Therefore, we need to develop a different geometry that can couple to WCFTs making use
of the local boost symmetry. It turns out that this setup is similar to a Newton-Cartan
structure [30, 31, 32, 33, 34, 35, 36, 37, 38]. In general d > 2 this will not be exactly the
case, but the situation is similar. Futhermore, WCFTs posses a scale invariance. We will
add a precursor to this symmetry that we will call a scaling structure. This will play in
WCFT the same role that the light-cone plays in CFT and will allow us to make progress
in singling out the background geometry. We call this construct Warped Geometry and we
develop it in the next section.
One last comment is in order. There is another very important reason to develop
background field techniques: Holography. Coupling a QFT to background geometry is the
first step towards constructing a holographic dual. The way the usual holographic dictionary
works is that bulk fields within dynamical geometries construct quantum field theories on
the boundary of such a bulk. The boundary values of these dynamical fields constitute the
backgrounds sources for the dual QFT. Therefore, in order to construct a bulk theory we
need to know what kind of fields we expect to find at the boundary. We elaborate on the
systematics of this construction in section 5.1.
Notice that because the boundary geometry will not correspond to Riemannian geometry
we do not expect to find Einstein gravity in the bulk of these holographic theories. As it
turns out we will find a different theory that we call Lower Spin Gravity, which we discuss
in section 5.2.
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3 Warped Geometry
Let us now discuss in general terms the properties of a generalized geometry which realizes
the symmetries of our WCFTs. We will call this mathematical construct Warped Conformal
Geometry (WCG). This will be to WCFTs what Conformal Geometry is to CFTs. It will
be useful to leave the scaling generator aside for most of the discussion to see what can
be obtained from the boost symmetry alone. Therefore we will construct WCG by first
defining Warped Geometry (WG), as opposed to the usual Riemannian geometry. Then we
will add some structure to this notion and build WCG. We hope this nomenclature will not
induce confusions.
In 2 dimensions we will show WG to be essentially equivalent to a Newton-Cartan
structure [30, 31, 32, 33, 34, 35, 36, 37, 38] where a scaling structure, to be defined below,
is also added. The situation will be somewhat different in d > 2. First we will discuss d = 2
and we will comment on d > 2 briefly later on.
3.1 Warped Geometry in d = 2 flat space
We will start by defining the symmetries that interest us in flat space and then generalize
to arbitrary backgrounds. They are (in some coordinates):
xa → xa + δa, xa → Λabxb, xa → λabxb (3.1)
where δa represents translational invariance, Λ is a generalized boost transformation and λ
a rescaling of one of the coordinates. Notice that as we have stressed before we have not
specified which coordinate, t or x, should be thought as time. In many situations5 x will be
thought of as space and t as time. Notice that in that case, calling Λab a boost generator is
a slight misnomer. We will use this terminology nonetheless.
The way we have written the equations above is meant to emphasize the similarity with
Lorentz transformations. In coordinates xa = (x, t) we can write the action of the boost as:
Λab =
 1 0
v 1
 , x→ x, t→ t+ vx. (3.2)
Scalings are
λab =
 λ 0
0 1
 , x→ λx, t→ t. (3.3)
5The WCFT dual to (near) extremal Kerr black holes seems to be a notable exception to this.
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Let us leave the scaling symmetry aside for a while and concentrate on boosts to define
WG. This is nothing else than the symmetry group behind a Newton-Cartan structure in
d = 2.
The fact that we have translation invariance means we have to use vectors and not
points to construct any invariant as in usual euclidean geometry. These vectors, which we
call long representations for reasons that will be clear below, must transform under the
remaining boost symmetry in the usual way (as coordinates do):
V¯ a → ΛabV¯ b. (3.4)
In the usual euclidean case the first non trivial tensor has two indices and represents
the invariant metric. Here we notice already the existence of a boost invariant vector:
q¯a = Λabq¯
b → q¯a =
 0
1
 . (3.5)
Still we are interested in computing bilinear invariants of vectors so we can find an
analogous concept to a metric. We are then looking for a symmetric tensor with lower
indices such that
gcd = Λ
a
c gab Λ
b
d → gcd =
 1 0
0 0
 . (3.6)
It is clear that the metric is degenerate in this geometry as we can observe from:
gabq¯
b = 0. (3.7)
Still we can define invariant scalar products now as:
U¯ · V¯ = U¯agabV¯ b = U¯xV¯ x. (3.8)
Notice that it is possible to define the invariant one-form qb = (1, 0) as qb = Λ
a
bqa. The
metric satisfies
gab = qaqb. (3.9)
We can also define the antisymmetric tensor hab as:
qa ≡ habq¯b. (3.10)
One can easily check that hab is also invariant under the boost transformation. This
two-form is non degenerate and can be inverted to hab such that habhbc = δ
a
c . Notice that
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the metric is not invertible. It is possible, however to define an upper index metric as
g¯ab = q¯aq¯b = hachbdqcqd = h
achbdgcd. (3.11)
Thus, we see that h is naturally used to raise and lower indices as V¯ a = habVb. The bars
remind us that this is not the usual action of a metric tensor to raise indices. For example:
VaV¯
a = 0. (3.12)
Norms of vectors can be obviously defined as ‖U¯‖2 = U¯ · U¯ . It is a direct consequence
of the formulae above that it is pointless to define angles in the usual way as
U¯ · V¯
‖U¯‖‖V¯ ‖ = 1. (3.13)
This will be important when we consider scaling symmetries as we know that the usual
conformal transformations preserve angles.
It turns out that there is an alternative definition which will fit our purposes. Let us
use the antisymmetric tensor and define a cross product “×”:
U¯ × V¯ = U¯ahabV¯ b = U¯xV¯ t − U¯ tV¯ x. (3.14)
This leads to the natural definition of “angle”:
θ(U¯ , V¯ ) =
U¯ × V¯
‖U¯‖‖V¯ ‖ . (3.15)
We could then parameterize vectors in “polar” coordinates as:
V¯ =
 ‖V¯ ‖
‖V¯ ‖θ
 . (3.16)
Notice that θ transforms as θ + v under boosts as usual angles do under euclidean
rotations. For future reference notice also that θ → λ−1θ under rescalings.
An interesting fact is that under these symmetries there are actually short vector repre-
sentations whenever ‖V¯ ‖ = 0. In that case it corresponds to a trivial scalar representation
φ proportional to q¯a as it is invariant under all symmetries (including rescalings).
‖V¯ ‖ = 0 → V¯ a = φ q¯a. (3.17)
For these representations φ constitutes the invariant much as ‖V¯ ‖ was for the long
representations. Therefore, these representations are just constructed from a scalar and the
invariant vector q¯a.
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Up until now we left out the rescaling to a large extent. One important remark is that
the invariant tensors derived above transform nicely under rescalings. This is:
λabq¯
b = q¯a, λabqa = λqb, λ
a
bλ
c
dgab = λ
2gcd, λ
a
bλ
c
dhab = λhcd. (3.18)
Therefore we can construct invariants under the whole symmetry algebra including the
rescaling. For short representations there exists already an invariant of the whole algebra
given by φ. For long representations the smallest invariants need to be constructed from
two such representations. In the usual case discussed in conformal geometry it would be
the angle between vectors and the ratio of their lengths. In our case, because θ transforms
under rescalings, the actual invariant under λab is given not by the angle but by:
I(U¯ , V¯ ) =
√
‖U¯‖‖V¯ ‖ θ(U¯ , V¯ ). (3.19)
The ratio of the norms is also an invariant, as it is for the usual rescalings:
K(U¯ , V¯ ) =
‖U¯‖
‖V¯ ‖ . (3.20)
3.2 Warped Geometry in d > 2
Let us comment briefly on how to extend the above discussion to d > 2. There are two
ways of doing this extension. One is the way taken by the usual definition of Newtonian
invariance. We would add more coordinates of the type that enjoy a boost symmetry, t
in our case, and include a boost for each new coordinate. For reasons that will be man-
ifest when we discuss the holographic construction of these theories, we choose to define
Warped Geometry in d dimensions by doing the opposite. We will extend the number of x
coordinates. Therefore we consider
xa =
 xI
t
 (3.21)
where lower case indices have the range a = 1, . . . d and uppercase indices I = 1, . . . d−1.
These geometries posses the following global symmetries:
• Translations: xa → xa + δa.
• Boosts: xI → xI , t→ t+ vIxI .
• Dilatations: xI → λxI , t→ t.
• Euclidean rotations: xI →M IJxJ , t→ t, with M IJ ∈ SO(d− 1).
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We will assume generically euclidean signature in xI space. These symmetries have been
considered in [48, 49] as the z = 0 Carroll algebra.
As before, let us concentrate on Warped Geometry, leaving the rescaling out. Most
concepts generalize obviously from above. There exist invariant tensors, q¯a and gab which
satisfy the same properties as before. Notice however that the lower index tensor qa needs
to be generalized to:
qa → qIa. (3.22)
It is not an invariant tensor anymore as it transforms under euclidean rotations, qIa →
M IJq
J
a . The metric can still be constructed as:
gab = q
I
aq
J
b ηIJ (3.23)
where ηIJ is the euclidean invariant metric.
It is interesting to note that in this case the definition of the invariant antisymmetric
tensor is given by:
qI1a1 . . . q
Id−1
ad−1I1...Id−1 = ha1...ad q¯
ad (3.24)
where  is the totally antisymmetric euclidean invariant tensor. The existence of a totally
antisymmetric tensor h is of great importance as it provides us with a volume form to
integrate over this space:
I(φ) =
∫
hd ∧ φ (3.25)
where φ is a scalar function of the coordinates and hd is the d-form defined in (3.24). We
will see in the next section that this can be generalized to curved spaces.
An important point is that there is no invariant two-form in d dimensions. This means
that our definition of angles between (long) vector representations as boost invariants is no
longer possible. Instead, the equivalent invariant is:
θd(U¯1, . . . U¯d) =
ha1...adU¯
a1
1 . . . U¯
ad
d
‖U¯1‖ . . . ‖U¯d‖
(3.26)
where, as before, ‖U¯‖2 = U¯agabU¯ b. If we also want to construct a quantity invariant under
rescalings we define, analogously to the d = 2 case:
Id(U¯1, . . . U¯d) =
d
√
‖U¯1‖ . . . ‖U¯d‖ θd(U¯1, . . . U¯d). (3.27)
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3.3 Curved Warped Geometry
Now that we have understood the flat version of our Warped Geometry we need to extend
these results to curved space. The usual recipe is to make the flat space results the geometry
of a tangent space at each point in a curved manifold. We will do this in a Cartan formalism.
In order to do this we need to define a map from space-time vectors in the manifold to
tangent space vectors.
Let’s do it first in d = 2.
It is natural to define the warped zweibein τaµ that maps a space-time-vector in the
manifold to tangent Warped Geometry variables:
τaµ : V
µ∂µ → V¯ a∂a. (3.28)
In particular this constitutes a map to a long representation in tangent space. Notice
we can construct some tangent space invariants from τaµ . They are:
Aµ = qaτ
a
µ , Gµν = τ
a
µτ
b
ν gab = AµAν , Hµν = τ
a
µτ
b
ν hab. (3.29)
Therefore we have managed to construct the curved space analogs of qa, gab and hab. In
particular we have a volume form that allows us to do integrals in curved space as:
I(φ) =
∫
H2 ∧ φ =
∫
d2xHφ (3.30)
where φ is a zero form, H2 is the volume form and we have defined a volume density
H = µντaµτ
b
νhab using the standard Levi-Civita symbol.
Notice also that Aµ, Gµν and Hµν are invariant under local boost transformations of τ
a
µ .
This induces a gauge symmetry on the base manifold. It is therefore necessary to include
the associated “spin” connection. The full covariant derivative in the base manifold also
includes the standard affine connections associated with diffeomorphism. We then define:
D = ∂ + ω − Γ (3.31)
where ω is the “spin” connection one form and Γ is the affine connection. The signs chosen
apply to the particular case of the zweibein where this boils down to:
Dµτ
a
ν = ∂µτ
a
ν + ω
a
bµτ
b
ν − Γρµντaρ . (3.32)
Notice that the “spin” connection has a tensor structure completely fixed by the sym-
metries. Imposing that short vector representations do not transform under boosts and the
specific form of the transformation matrix (3.2)
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Λab = δ
a
b + vqbq¯
a ≡ δab + vB¯ab = evB¯
a
b (3.33)
we obtain
ωabµ = qbq¯
aωµ (3.34)
where ωµ transforms under a local boost as ωµ → ωµ − ∂µv. Above we defined the boost
generator B¯ab.
At this point we can relate the affine connection Γ to τaµ and ωµ by imposing a zweibein
postulate Dµτ
a
ν = 0 and the invertibility of τ
a
µ . These conditions imply:
Γρµν = τ
ρ
a∂µτ
a
ν + τ
ρ
a q¯
aqbτ
b
νωµ = τ
ρ
a∂µτ
a
ν + A¯
ρAνωµ (3.35)
where we have defined A¯ρ = τρa q¯a, which is invariant under boosts and represents the curved
version of q¯a.
In order to characterize the geometry we introduce torsion and curvature tensors two-
forms as:
T a = dτa + ωab ∧ τ b = dτa + q¯a ω ∧A, Rab = dωab = q¯aqb dω ≡ q¯aqbR. (3.36)
In usual Riemannian geometry the next step consists in imposing the constraint T a = 0
in order to express the spin connection in terms of the zweibeins and therefore obtain the
unique Chirstoffel connection. We note that if we do this in this case the affine connection
is not fully fixed as a consequence of the “spin” connection not being fully expressible in
terms of τaµ . This is a well known situation in Newton-Cartan setups. See [32, 33] for a
recent discussion.
We will argue in what follows how to proceed to deal with this ambiguity. We will require
our geometry to posses some extra structure. In usual Riemannian geometry it is the metric
that provides this crutch. Our Warped Geometry does not posses such a structure. It turns
out that we can demand the weaker condition that our manifold is equipped with what we
call a scaling structure. This nomenclature is meant to make manifest the similarity with a
complex structure in standard geometry. In Lorentzian geometry it is only the information
about the position of the light cone in d = 2 that determines the complex structure6. Here
we take the information to come from the scaling transformation λab. Notice that the
scaling symmetry determines two preferred axes in tangent space, as one coordinate scales
and the other does not. Even before introducing the scaling symmetry, an intermediate
6We wish to thank J. de Boer for useful remarks in this regard.
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step is to include a structure that selects these axes. We call that geometric structure a
scaling structure and it is given in the (x, t) coordinates by:
Jab =
 −1 0
0 0
 . (3.37)
Conceptually, Jab posses an eigenvalue ∆
a for each coordinate with scaling weight ∆a defined
as x→ λ−∆x. In our case this is ∆ = −1 for x and ∆ = 0 for t. This structure separates the
tangent space in two subspaces. One spanned by the eigenvector with eigenvalue equals to
-1 and another spanned by the eigenvector with 0 eigenvalue. This is completely analogous
to what happens in complex geometry.
More invariantly Jab is defined as:
JabJ
b
c = −Jac such that it posses exactly one 0 eigenvalue with eigenvector q¯a. (3.38)
We can define the eigenvector with −1 eigenvalue as qa. Then a coordinate free expression
for Jab is given by
Jab = − (qcqc)−1 qaqb. (3.39)
This structure is nothing else than the generator of dilatations. As done in (3.33) we
can express the scaling transformation for the infinitesimal transformation λ = 1 + δλ:
λab = δ
a
b − δλJab. (3.40)
We will fix our “spin” connection by demanding that the scaling structure is covariantly
constant. This amounts to qa being covariantly constant by itself
0 = Dµq
a = ∂µq
a + ωµq¯
aqcq
c. (3.41)
The above is nothing else than the requirement that the covariant derivative maps weight
-1 vectors to weight -1 vectors and weight 0 vectors to weight 0 vectors. One can also think
of it as requiring the geometry to have a killing vector under the boost symmetry [50].
Equation (3.41) implies two constraints. The first one is just qa∂µq
a = ∂µ (qaq
a) = 0.
This implies we can normalize qa to satisfy qaq
a = 1. We can then define q¯a as:
q¯aq
a = 0 q¯aq¯
a = 1. (3.42)
The second consequence is an expression for ωµ:
ωµ = −q¯a∂µqa. (3.43)
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This can be seen to transform properly as the “spin” connection should. Notice that in
our (x, t) coordinates this is nothing else than ωµ = 0. By performing an arbitrary local
boost with parameter v we see that ωµ = −∂µv. This implies directly that the existence of a
covariantly conserved scaling structure implies necessarily the vanishing curvature condition
R = 0 (3.44)
in any coordinate system. Interestingly enough, affine connections with this property are
known in conventional geometry as Weitzenbo¨ck connections [51].
Using qa and q¯a as a preferred basis we can write:
τaµ = Aµq
a + A¯µq¯
a. (3.45)
The invariant vectors and space-time one-forms obviously satisfy:
AµAµ = 1, A
µA¯µ = 0, A¯
µAµ = 0, A¯
µA¯µ = 1. (3.46)
Using the above expression we can write the affine connection (3.35) as:
Γρµν = A¯
ρ∂µA¯ν +A
ρ∂µAν . (3.47)
The torsion can also be compactly written as
T a = dτa − dqa ∧A = qadA+ q¯adA¯. (3.48)
The torsion equations can then be written as
T = dA, T¯ = dA¯ (3.49)
in a manifestly tangent space invariant language. This, again, looks exactly like the situation
in Weitzenbo¨ck geometry. Notice, however that A and A¯ are fully gauge invariant under
tangent space symmetries and are not vielbein.
We should point out that an alternative point of view is to notice that we can think of
A¯µ as inducing a map from the base manifold vector representations to short tangent space
representations as:
eaµ : V
µ∂µ → A¯µV µ q¯a∂a. (3.50)
This eaµ can always be written as e
a
µ = A¯µq¯
a. It is clear that A¯µ transforms as a tangent
space scalar. Therefore an alternative way to introduce a scaling structure is to define two
maps from manifold vectors into tangent space, τaµ and e
a
µ satisfying
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Hµν = τ
a
µτ
b
νhab = τ
a
[µe
b
ν]hab = A[µA¯ν]. (3.51)
This constraint is necessary as there can be at most 4 independent tangent space invari-
ants (Aµ, A¯µ) constructed from two manifold vectors.
We are now ready to make the last step and construct the only invariants that can
appear in Warped Conformal Gravity. We need to consider the scaling of the fundamental
geometrical tensors Aµ and A¯µ. This can be easily done by acting with the curved scaling
transformation: λµν = λabτ
b
ντ
µ
a . By acting on Aµ and A¯µ we obtain.
A¯µ → A¯µ, A¯µ → A¯µ, Aµ → λAµ, Aµ → λ−1Aµ. (3.52)
Therefore Aµ has scaling weight −1 and A¯µ scaling weight 0. From this we can see that
in curved space we can build exactly one invariant out of one vector, namely A¯µV
µ which
corresponds to what we called φ in flat space. If we have two vectors we can build the
curved space generalisations of what we found in flat space. They are:
I(U, V ) =
UµHµνV
ν√
AµUµAνV ν
, K(U, V ) =
AµU
µ
AµV µ
. (3.53)
The whole discussion above can be easily generalized to d > 2. Generalizing the structure
we described in flat space we note we need to consider invertible maps τaµ that define:
AIµ = τ
a
µq
I
a, Gµν = A
I
µA
J
ν ηIJ , Hµ1...µd = τ
a1
µ1 . . . τ
ad
µ1ha1,...ad , A¯
µ = τµa q¯
a. (3.54)
Notice that the invariant fields satisfy GµνA¯
µ = 0 as in flat space. So we can think of
this as a curved degenerate metric where A¯µ is the degenerate vector. As before we can
introduce a scaling structure Jab = −qaI qIb with (d− 1) eigenvalues −1 and a null eigenvalue
as in (3.38). Equivalently we can define eaµ as a map to a short representation as in (3.50).
This defines A¯µ.
We can write the structure equations. Once again, there exists a frame where the “spin”
connections for each boost generator are forced to vanish in order for the scaling structure
to be preserved. Then, all curvatures for them vanish trivially. The remaining Cartan
equations are for the torsions and the Riemannian curvatures associated with the SO(d−1)
symmetry. They can readily be written in terms of AIµ, A¯µ and Ω
I
Jµ, the SO(d − 1) spin
connection, as
T I = dAI + ΩIJ ∧AJ , RIJ = dΩIJ + ΩIk ∧ ΩKJ , T¯ = dA¯. (3.55)
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In d dimensions these are the structure equations corresponding to d dimensional trans-
lations and SO(d − 1) rotations as expected. Notice one can think of this geometry as
being Riemannian (provided we demand T I = 0) in the d − 1 subspace spanned by I and
Weitzenbo¨ck with respect to the symmetries connecting I and the remaining non-scaling
direction.
4 Coupling a WCFT to Warped Geometry
The developments of the last section are the necessary ingredients to couple a WCFT to
a fixed background geometry. That means that if we had a concrete Lagrangian we could
minimally couple it by introducing the background fields Aµ and A¯µ or τ
a
µ in a tangent
space formulation. Also we would replace derivatives by covariant derivatives.
Unfortunately if one lacks an action for a WCFT in flat space, it is not possible to
make progress on how to extend the theory to curved space in this naive way. Concrete
examples were lacking so far in the literature, with the possible exception of the holographic
construction in [54, 55]. We will present a field theory construction of two WCFTs in section
4.4 and we will write the action in a fully covariant language. Most interesting theories,
however, do not provide us with explicit expressions.
In the following section we will obtain some results by writing the variation of the action
with respect to background fields.
4.1 WCFT symmetries from background fields
The generic information we can obtain comes from assuming an expression for the action
in a given background S[τaµ , ωµ] and studying its variations.
S[τaµ + δτ
a
µ , ωµ + δωµ] = S[τ
a
µ , ωµ] + δS. (4.1)
What should δS be? Our theory posses translational invariance and as such it couples
to τaµ as the gauge fields of such transformations, with gauge curvature T
a. At the same
time the theory is invariant under boosts and as such it couples to ωµ with trivial gauge
curvature R = 0, such that the scaling structure is preserved. Therefore we must have:
δS =
∫
d2xH
(
Jµa δτ
a
µ + S
µa
bq¯
bqaδωµ
)
(4.2)
where H is the volume density H = µνHµν , J
µ
a are the two translational currents that are
naturally assembled in a generalized energy-momentum tensor and Sµab is the boost current.
Notice Sµ plays a similar role to the usual spin current in Lorentz invariant theories.
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A translational gauge transformation is defined such that T a is invariant. We see from
(3.36) that it is given by:
δτaµ = −∂µζa − q¯aqbζbωµ, δωµ = 0 (4.3)
where ζa is a tangent vector valued gauge parameter. We have used crucially that R = 0 in
order to show that this leaves T a invariant. Demanding the invariance of the action under
such transformation yields:
δS =
∫
d2xζa
[
∂µ (HJ
µ
a )−Hqaq¯bJµb ωµ
]
=
∫
d2xHζaDµJ
µ
a = 0 → DµJµa = 0. (4.4)
Notice that the variation assembles naturally in a covariant divergence that is diffeomor-
phic invariant and also invariant under tangent space boosts. As there is always a tangent
space frame where ωµ = 0, modulo global obstructions, we can then write the familiar
conservation equations for the currents:
∂µ (HJ
µ
a ) = 0 (4.5)
Notice that, while this geometry does not posses a natural metric, there is still a well
defined notion of an invariant vanishing divergence by the existence of the volume density
H.
We can now play the same game for the local boost transformation. This is given by
δτaµ = v q¯
aqbτ
b
µ, δωµ = −∂µv (4.6)
for a gauge parameter v. Repeating the procedure above we obtain.
q¯aqb∂µ
(
HSµba
)
+ q¯aJµa τ
b
µqb = 0. (4.7)
This equation is completely analogous to the one that connects the antisymmetric part
of the energy-momentum tensor in Lorentz invariant theories to the divergence of the spin
current [51]. We see that we have obtained through this background field formalism a
generally covariant version of expression (2.13) with Sµ = Sµabq¯
bqa. We see that the boost
current is nothing else than what we called Sµ in (2.13).
We have been carrying the boost current Sµba around for clarity, but as we argued in
section 2.2, both components of Sµba are effectively zero in WCFT. One component can
be shifted away by redefining the currents while the other carries negative weight under
scaling transformations which means it needs to vanish in unitary local theories. Therefore,
variations of the action with respect to the spin connection ωµ vanish identically.
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Using Sµba = 0 we obtain the expression:
q¯aJµa τ
b
µqb = J¯
µAµ = 0 (4.8)
where we have defined the current J¯µ = q¯aJµa , which we studied in detail in section 2.2.
Notice we can obtain the same expression by demanding invariance of the action with
respect to the space-time field variation: δA¯µ = vAµ and making use of the action variation
δS[δAµ, δA¯µ] =
∫
d2xH
(
JµδAµ + J¯
µδA¯µ
)
(4.9)
where we have defined Jµ = qaJµa . The expression above agrees with (4.2) on setting
δωµ = 0 from the point of view of space-time transformations. It can be seen directly that
the consequences of the background field variations δA¯µ = vAµ and the tangent space boost
symmetry completely agree once we set Sµba = 0.
If we also want our theory to be invariant under rescalings in such a way that the theory
becomes Warped Conformal we demand that the variation of the action under δAµ = γAµ
vanishes as well. The direct consequence is therefore:
qaJµa τ
b
µqb = J
µAµ = 0. (4.10)
Let us finally summarize the above results for a WCFT written in flat space in tangent
space coordinates such that ωµ = 0 and Aµ = δ
x
µ, A¯µ = δ
t
µ.
Jx = 0, J¯x = 0, ∂tJ
t = 0, ∂tJ¯
t = 0. (4.11)
These are nothing else than the basic conditions satisfied by a WCFT. These facts lead
to the infinite number of conserved currents observed in [15]. We shortly explain how to
build conserved charges in Warped Geometry below.
4.2 Conserved charges in Warped Geometry
In Warped Geometry it is easy to construct conserved charges once a current is covariantly
conserved.
DµJ
µ
a1...aN
= 0. (4.12)
We have allowed a generic number of tangent space indices in the space-time currents
above. Notice that it is a well known issue in non abelian theories that currents that are not
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gauge singlets can’t be used to construct invariant charges [50]. Warped Geometry however
always contains the tangent space vector q¯a that trivially satisfies
Dµq¯
a = 0. (4.13)
We can then always build from Jµa1...aN the current J
µ = q¯a1 · · · q¯aNJµa1...aN which is
conserved in the usual sense
∇µJµ ≡ 1
H
∂µ (HJ
µ) = 0. (4.14)
Given such a current the construction of conserved quantities follows as in conventional
geometry. Once we have a volume form we can define a Hodge star operator as:
? = Hµν . (4.15)
The claim is that if Jµ satisfies (4.14) then
Q =
∫
?J (4.16)
is a conserved charge. The proof amounts to showing that the integral of ?J over a closed
contour ∂V vanishes ∮
∂V
?J =
∫
V
d (?J) =
∫
V
H2
1
H
∂µ (HJ
µ) = 0. (4.17)
In particular once we demand that our geometry preserves the scaling structure, there is
another covariantly conserved tangent space vector, qa. We can then define more conserved
quantities for the above currents.
In the case of interest in the previous section the conserved currents are two, given by
Jµ = qaJµa , J¯
µ = q¯aJµa (4.18)
and satisfy
∇µJµ = 0, ∇µJ¯µ = 0. (4.19)
In flat space coordinates we find from (4.11)
(?J)t = 0, (?J)x ≡ T (x),
(
?J¯
)
t
= 0,
(
?J¯
)
x
≡ P (x). (4.20)
This allows us to define an infinite set of the Virasoro-Kac-Moody U(1) conserved charges
discussed in section 2.1
Tξ =
∫
dx ξ(x)T (x), Pξ =
∫
dx ξ(x)P (x). (4.21)
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We clarify, as in section 2.1, that these charges make sense as long as the contours of
integration chosen to quantize the theory have a non zero overlap with the x direction. If
we had picked x as our time coordinate, the charges above would become degenerate. This
is not outside the space of possibilities. There is no natural metric defined on this geometry.
Only the background fields Aµ and A¯µ. And there is no reason a priori to identify time
from them.
4.3 Warped Weyl Invariance
The same way a CFT possess Weyl invariance when coupled to a metric gµν , we expect our
WCFTs to show a similar behavior when coupled to Aµ and A¯µ. We call this invariance
Warped Weyl symmetry.
These symmetries can be read directly from the variations discussed in section 4.1. They
are:
δAµ = γAµ δA¯µ = vAµ (4.22)
where γ and v are arbitrary deformation parameters that depend on space-time coordinates.
It is important to point out that we only expect these symmetries to hold classically.
The change of the measure in the partition function of WCFTs will induce anomalies. These
have been discussed in detail in [17] and are directly responsible for the Cardy-like formula
for WCFTs.
The first of the variations in (4.22) is completely analogous to δgµν = λgµν in CFTs.
It makes explicit that only Aµ transforms under rescalings. Why do we have a second
Weyl transformation? This is not a surprise. It turns out that CFTs posses an analogous
invariance given by δgµν = λµν . The reason this is not usually discussed is that the
metric field is constrained to be symmetric. This can be done covariantly by demanding
g[µν] = 0. In our case there is no obvious way to decouple the equivalent component from
our background fields. Therefore we obtain a second Warped Weyl transformation.
These transformations are completely equivalent to the infinite number of conserved
currents discussed in the previous section and therefore provide a powerful background
method description of these systems.
A direct consequence of this discussion is that the partition function of a WCFT defined
on a non trivial background enjoys Warped Weyl symmetry, up to quantum anomalies:
Z[Aµ, A¯µ] ∼ Z[(1 + γ)Aµ, A¯µ + vAµ]. (4.23)
Lastly we should add that our experience with AdS/CFT indicates that Warped Weyl
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transformations will play a determinant role in the construction of holographic duals to
WCFTs. In particular we expect to encounter them as symmetries of the boundary geom-
etry. They, however, should not extend to bulk symmetries.
4.4 The simplest WCFTs
So far we have been a bit abstract and discussed WCFTs in full generality. In this section
we will construct the simplest examples of WCFTs corresponding to free fermions. Al-
though trivial as any free theory, this constitutes the first explicit example of this class of
field theories showing manifestly that the class is not an empty set. Also, given the ma-
chinery developed above, we will be capable of coupling the theory to an arbitrary Warped
Geometry.
As in CFT we might expect that the “smallest” free theory is given by a fermonic theory.
Furthermore, as we will see WCFTs are intimately related to chiral CFTs, as their symmetry
algebras might hint. We will comment on this fact at the end of this section. Therefore,
it makes sense to consider fermions as their chiral representations can be described more
easily.
The first step to describe fermionic representations is to consider the gamma matrix
algebra. This is described more naturally in tangent space language. Here it pays off to
have developed the formalism in previous sections.
The gamma matrix algebra will not be given by the Clifford algebra as usual but by the
Warped Clifford algebra: {
Γa,Γb
}
= 2q¯aq¯b. (4.24)
Notice that all we did is replace the metric in the Lorentzian case for the only available
invariant symmetric two tensor our theories posses. Lower index gamma matrices are defined
as we usually do in warped symmetry by:
Γa = habΓ
b. (4.25)
This definition proves quite useful as it allows us to define our boost generator as:
B¯ =
1
8
hab
[
Γa,Γb
]
=
1
4
hab
(
ΓaΓb − q¯aq¯b
)
=
1
4
habΓ
aΓb. (4.26)
One can check that it acts in the appropriate way (3.33) on the gamma matrices as they
are in a vector representation:
[
B¯,Γc
]
=
1
4
hab
(
Γa
{
Γb,Γc
}
−
{
Γc,Γa
}
Γb
)
= qaΓ
aq¯c. (4.27)
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Let us explore the consequences of (4.24) in our usual tangent space coordinate basis
(x, t). It implies
(Γx)2 = 0,
(
Γt
)2
= 1, ΓxΓt + ΓtΓx = 0. (4.28)
The road we follow is to look for the smallest non trivial representation of these ex-
pressions. As for the Lorentz case this turns out to be in terms of 2× 2 matrices7. Let us
construct these representations.
The equation (Γx)2 = 0 implies that acting on a two dimensional spinor space spanned
by Ψ0 and Ψ1
ΓxΨ0 = 0, ΓxΨ1 = γΨ0. (4.29)
Of course we can pick the normalization to make γ = 1. The only exception is the case
γ = 0 but that would make Γx trivial and give us the trivial representation. Therefore we
fix γ = 1. The other restrictions in (4.28) can be seen to give
ΓtΨ0 = βΨ0, ΓtΨ1 = −βΨ1, β2 = 1. (4.30)
We can pick β = 1 and represent the gamma matrices as:
Γx =
 0 0
1 0
 , Γt =
 1 0
0 −1
 . (4.31)
These matrices act on spinorial representations8 Ψα =
 Ψ0
Ψ1
. In these coordinates
we can write:
B¯ =
1
4
(
ΓxΓt − ΓtΓx) = 1
2
Γx. (4.32)
From this it is easy to see that
B¯Ψ0 = 0, B¯Ψ1 =
1
2
Ψ0. (4.33)
The relative factor of 12 with respect to (4.27) is what makes these representations
spinorial.
We can also define a scaling operator by demanding that it acts on the gamma matrices
in the expected way for a vector representation in this preferred basis:
[J,Γx] = −Γx, [J,Γt] = 0. (4.34)
7The 1× 1 case reduces to the usual representations in terms of q¯a and qa described in section 3.
8As for vector representations, it turns out there are short representations (Ψ0 = 0) of these spinors that
are 1 dimensional. These are trivial as for the vectorial case.
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This is nothing else than the statement that ∂x spans the vector space with weight -1 and
∂t the vector space with weight 0. It is easy to see that the requirements above imply
JΨ0 = ∆0Ψ
0, JΨ1 = ∆1Ψ
1, ∆0 = ∆1 − 1. (4.35)
So,
J =
 ∆0 0
0 ∆0 + 1
 . (4.36)
Notice that the weight of each spinor is not fixed at this point. We will exploit this in
a minute.
Having constructed gamma matrices and spinor representations we need to discuss how
to construct other representations from them. In particular, scalar and vector representa-
tions will be necessary to construct Lagrangians.
Let us start with scalars. In order to construct scalars we need to define the dual
spinorial representation. One can easily show that the quantity ΨααβΨ
β is a scalar under
boosts, where αβ is the totally antisymmetric 2 × 2 tensor. This prompts the following
natural definition for the dual representation:
Ψ† ≡ Ψα ≡ Ψββα. (4.37)
We have used the symbol † for the dual representation. This is not the standard notation
when discussing Dirac fermions. We hope it will not introduce confusions. Notice that
as opposed to vector representations this antisymmetric product is non vanishing as a
consequence of fermionic anti-commutation properties.
Φ− ≡ Ψ†Ψ ≡ ΨααβΨβ = Ψ0Ψ1 −Ψ1Ψ0 = 2Ψ0Ψ1. (4.38)
Are there other scalars? For vectors we have V¯ agabV¯
b. We suspect there is an equivalent
scalar for spinors. In order to construct it we need to discuss the action of the parity
operator, P : x → −x. This is relevant as we will see the scalar constructed above Φ− is
actually odd under parity (as the notation suggests). We are looking to construct a parity
even combination.
It turns out we already have a parity operator at our disposal. It is given by P = Γt.
Notice that it acts as expected on definite parity operators
ΓtΓtΓt = Γt, ΓtΓxΓt = −Γx. (4.39)
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As for Lorentz spinors, there is a matrix analogous to γ5 in our algebra, which changes
sign under parity but is a scalar under boosts. This is
Γ5 = qaΓ
a = Γx. (4.40)
One can plug Γ5 in (4.26) in its fully covariant form to check that it commutes with B¯.
The expression (4.39) shows that it is parity odd.
A direct consequence of this discussion is that we can construct a parity even scalar as:
Φ+ = Ψ
†Γ5Ψ = Ψ0Ψ0 = 0. (4.41)
Unfortunately it turned out to be zero for this simple situation. We can easily fix this
by considering complex spinors and considering
Φ+ = Ψ¯
†Γ5Ψ = Ψ¯0Ψ0 (4.42)
where the bar indicates complex conjugate. Because of the definition (4.37) it turns out that
parity even scalars contain Γ5 and parity odd do not as opposed to the standard Lorentzian
case.
It is straightforward to construct vector representations using the gamma matrices. As
above we obtain a vector V+ and a pseudovector V−. We consider complex spinors for
generality:
V a+ = Ψ¯
†Γ5ΓaΨ =
 0
Ψ¯0Ψ0
 , V a− = Ψ¯†ΓaΨ =
 Ψ¯0Ψ0
−Ψ¯0Ψ1 − Ψ¯1Ψ0
 . (4.43)
One last comment concerns the covariant derivative acting on spinors. They do not
carry space-time index so the affine connection Γµνρ is not involved. There is however a
spinor index. This means that the spin connection is included with a factor of the boost
generator. Therefore:
DµΨ = ∂µΨ + ωµB¯Ψ = ∂µΨ− 1
4
(q¯c∂µq
c)habΓ
aΓbΨ (4.44)
where we plugged in the curvature less spin connection (3.43). This formula makes manifest
that the spin connection does not depend on the zweibein τaµ , which is not the usual situation
in Riemannian geometry. In particular, in the preferred coordinate frame we have been using
ωµ = 0 as we remarked before.
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4.4.1 Case I: A Warped Weyl spinor
We now have everything we need to construct the actions associated with free theories.
Let’s demand that they have definite parity. We first construct a parity even action for a
complex free fermion (so we can add a mass term).
S+ =
1
4
∫
dxdt µντaµτ
b
νhab
(
i τρc Ψ¯
† Γ5 ΓcDρΨ +mΨ¯†Γ5Ψ
)
=
1
2
∫
dxdt µνAµA¯ν
(
i A¯ρ Ψ¯0∂ρΨ
0 +mΨ¯0Ψ0
)
. (4.45)
This action is manifestly invariant under both tangent space symmetries and space-time
diffeomorphisms. Notice the role of the volume density H = µντaµτ
b
νhab. We have also
written the action in a manifestly tangent space invariant fashion. This is the equivalent
of a metric formulation in usual CFTs, where A and A¯ are the background fields. Lastly,
notice that the spin connection vanishes identically in the action, as B¯2 = 0. We have thus
replaced Dρ → ∂ρ. This is in complete accordance with the vanishing of the boost current
Sµ ∼ δSδωµ .
In flat space we can substitute in τaµ = δ
a
µ and obtain the action
Sflat+ =
1
2
∫
dxdt i Ψ¯0∂tΨ
0 +mΨ¯0Ψ0. (4.46)
Notice that only Ψ0 enters the action. We can think of this theory as the analog to a Weyl
fermion in the Lorentzian case where only one chirality of the spinor appears. As a matter
of fact this is exactly the action of a complex Weyl fermion if we allow for a mass term.
The reason we don’t usually add such a term is because it breaks Lorentz invariance. This
is not a problem in this case. Even more, we can think of this mass term as deforming the
theory and inducing a Lorentz breaking RG flow which will correspond to a WCFT as we
will see.
We remarked above that the scaling weight for Ψ0, ∆0 was not fixed. Here we see
something interesting. If we choose it to be ∆0 =
1
2 (as for the usual Weyl fermion) the
theory possess a scaling symmetry under x → λx. In particular once we pick this scaling
the action is fully invariant under Warped Weyl symmetry (4.22). Let’s see that this is the
case. First we write the equations of motion.
∂tΨ
0 − imΨ0 = 0, ∂tΨ¯0 + imΨ¯0 = 0. (4.47)
The solutions are given by
Ψ0 = ψ(x)e+imt, Ψ¯0 = ψ¯(x)e−imt. (4.48)
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Notice that all interesting dependence is in x. This is already good news as we know that
in WCFT the currents are only dependent in x (4.11).
Now we can calculate the energy momentum tensor from the fully covariant action (4.45)
by differentiating with respect to the zweibein τaµ . We get:
HJµa =
δS+
δτaµ
=
1
2
µντ bνhab
(
iτρc Ψ¯
† Γ5 ΓcDρΨ +mΨ¯†Γ5Ψ
)
− i
4
τµc τ
ρ
a Ψ¯
† Γ5 ΓcDρΨσντdστ
b
νhdb. (4.49)
In flat space this yields:
Jx = Jxx =
1
2
(
iΨ¯0∂tΨ
0 +mΨ¯0Ψ0
)
, J t = J tx = −
i
2
Ψ¯0∂xΨ
0, (4.50)
J¯x = Jxt = 0, J¯
t = J tt =
m
2
Ψ¯0Ψ0. (4.51)
The vanishing of J¯x is a direct consequence of the boost symmetry. Furthermore, we
must now use the equations of motion to appreciate the full symmetries of the problem
[51, 53]. This gives us the final expressions:
Jx = Jxx = 0, J
t = J tx = −
i
2
ψ¯∂xψ, (4.52)
J¯x = Jxt = 0, J¯
t = J tt =
m
2
ψ¯ψ. (4.53)
This is a Warped Conformal Field Theory. It is clear why we considered a complex
spinor. Without it there is no mass term. Notice that the mass term is responsible for
making the J¯ current non trivial. What is also important to point out is that the mass
term does not spoil the scale invariance. This is possible as the t coordinate does not scale
in WCFT.
This example is also illuminating as far as the relation between WCFTs and chiral CFTs
is concerned. As we mentioned, the action (4.46) corresponds to the usual chiral fermion
CFT deformed by a Lorentz breaking mass operator. In CFT language we would say the
mass operator induces a flow to an exotic fixed point in the IR, as the mass term is relevant
in CFT. On the other hand we can also take the perspective that there is no RG flow
and take m to be a marginal coupling under WCFT scaling. This is directly connected to
the fact that the mass term can be written as a total derivative upon bosonisation. Even
more, the mass m can be absorbed in a rescaling of the t coordinate. The only relevant
information is whether m is real, imaginary or zero. There is a natural interpretation of
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this fact from the CFT perspective. Notice from the expression of the generalized energy-
momentum tensor Jµa that the J¯ component is given by the U(1) current present in the
chiral fermion CFT. m just sets the level of the current, ξ. Up to charge quantization issues
we can always absorb the absolute value of the level so ξ = 1, 0,−1 are the only meaningful
choices. This is in complete agreement with the identification m ∼ √ξ that can be read off
from (4.53).
From a technical point of view the only real difference between a chiral CFT with
SL(2) × U(1) symmetry and a WCFT are locality issues in the target space direction
associated with U(1). What a WCFT does, when locality is assured, is to put on equal
footing the target space symmetries of the CFT with its base space symmetries. This is of
great interest in possible extensions of these techniques to other systems, like WN CFTs
where a fully covariant formulation is lacking.
4.4.2 Case II: A Warped bc system
Let us now consider a second example that can be constructed from the spinorial represen-
tations presented above. This consists in the case of a parity odd action. It will suffice for
our purposes to consider a real spinor.
S− =
1
4
∫
dxdt µντaµτ
b
νhab
[
i τρc Ψ
† ΓcDρΨ +mΨ†Ψ +
i
2
Dµ
(
q¯aτµa Ψ
†Ψ
)]
=
1
2
∫
dxdt µνAµA¯ν
[
iAρΨ0∂ρΨ
0 − i A¯ρ (2Ψ1∂ρΨ0)+ 2mΨ0Ψ1] . (4.54)
As before, the term involving the spin connection vanishes confirming our prediction
δS
δωµ
= 0. Here, it is a consequence of
(
Ψ0
)2
= 0. Notice the peculiar total derivative term
we added. It was chosen explicitly to make the theory exactly Warped Weyl invariant.
Without it we would have obtained a generalized energy-momentum tensor with the right
properties up to a possible redefinition.
In flat space τaµ = δ
a
µ the expression above simplifies to
Sflat+ =
1
2
∫
dxdt
[
iΨ0∂xΨ
0 − i (2Ψ1∂tΨ0)+ 2mΨ0Ψ1] . (4.55)
We see right away that the action looks scale invariant if we assign the weights ∆0 = 0
and ∆1 = 1. Luckily, this is allowed by (4.35). Because the weights of the fields involved
are not canonical for fermions we call this system a warped bc system, in analogy to the
corresponding CFT system. Notice that the action above is invariant under Warped Weyl
34
symmetry (4.22) if one accounts for the weights and the action of B¯ on the spinors, i.e.
B¯Ψ1 = 12Ψ
0.
As before we calculate the equations of motion:
∂xΨ
0 − ∂tΨ1 − imΨ1 = 0, ∂tΨ0 − imΨ0 = 0. (4.56)
and its solutions
Ψ0 = ψ0(x)eimt, Ψ1 = ψ1(x)e−imt − i
2m
∂xψ
0(x)eimt, for m 6= 0, (4.57)
Ψ0 = ψ0(x), Ψ1 = ψ1(x) + t ∂xψ
0(x), for m = 0. (4.58)
The reader can notice that in both cases all the degrees of freedom are contained in the
x dependent operators ψ0(x) and ψ1(x). This suggest that the theory is a WCFT. Let us
confirm this fact by calculating the generalized energy-momentum tensor:
HJµa =
δS+
δτaµ
=
1
2
µντ bνhab
[
i τρc Ψ
† ΓcDρΨ +mΨ†Ψ +
i
2
Dµ
(
q¯aτµa Ψ
†Ψ
)]
− i
4
σντdστ
b
νhdb
[
τµc τ
ρ
a Ψ
† ΓcDρΨ +
1
2
q¯cτµc τ
ρ
aDρ
(
Ψ†Ψ
)]
. (4.59)
Evaluating in flat space we obtain:
Jx = Jxx = −iΨ1∂tΨ0 +mΨ0Ψ1, J t = J tx = iΨ1∂xΨ0, (4.60)
J¯x = Jxt = −
i
2
Ψ0∂tΨ
0, J¯ t = J tt =
1
2
(
iΨ0∂xΨ
0 + 2mΨ0Ψ1
)
. (4.61)
Using the equations of motion we get the satisfying result for m = 0:
Jx = Jxx = 0, J
t = J tx = iψ
1∂xψ
0, (4.62)
J¯x = Jxt = 0, J¯
t = J tt =
1
2
ψ0∂xψ
0. (4.63)
and m 6= 0:
Jx = Jxx = 0, J
t = J tx = iψ
1∂xψ
0, (4.64)
J¯x = Jxt = 0, J¯
t = J tt = mψ
0ψ1. (4.65)
This last result agrees with the one obtained for the Weyl spinor if we give up the idea
that ψ¯ and ψ are complex conjugates and we identify 2ψ1 → −ψ¯ and ψ0 → ψ. In that case
we could have assigned different weights to Ψ¯ and Ψ and our results can agree.
It is satisfying that we have now concrete examples of WCFTs. This means that this
class of theories can be actually as large and rich as the space of CFTs. While we have shown
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a clear connection between WCFTs and chiral CFTs it is not obvious if this relation holds
over the whole space of theories. When it does, it is quite remarkable that the technology
developed here allows us to put target space symmetries and base space symmetries on
equal footing. From a purely algebraic point of view, this distinction is purely artificial. It
is a direct consequence of making base space locality manifest. When target space locality
exists there is no longer a reason to generate a divide. In cases where these symmetries are
intertwined in a complicated way, as in WN theories, this non democratic attitude obscures
some of the symmetries and complicates the study of the theory.
One important area where one can make progress with this new formalism is in the
study of the renormalization group flow of theories without Lorentz symmetry and/or exotic
internal symmetries. Deformations that are complicated or might even look irrelevant from
the point of view of CFT could become marginal when viewed under the right scaling
operator, shedding light on the infrared behavior of such theories. An example where these
ideas could have an impact is in the study of deformations by higher spin operators in
WN CFTs [39]. As these operators are connected to the energy-momentum tensor by WN
symmetry, it is possible that a generalized RG treatment exist where they can be viewed
as marginal.
Given the importance of understanding the RG in these theories we now turn to an
important tool in this regards: the construction of holographic duals to WCFTs. We will
show in the next section how these duals can be constructed and how they connect with
the existing literature.
5 Building a Holographic dual for WCFTs
In this section we build a bulk holographic dual to WCFTs in a systematic fashion. Of
course, there exist holographic setups where Warped AdS3 solutions are present among
other vacua [2, 3]. This is actually where WCFTs get their name. Also, WCFTs have
been proposed as duals to Extremal Kerr Black Holes [17]. So it seems there exist already
examples in the literature.
All these examples carry important shortcomings. One is that they are described by
metric theories. As such these descriptions posses a different, typically much larger, group
of symmetries in the UV. The situation is akin to describing a low energy theory that does
not posses a symmetry by embedding it in a UV theory with that symmetry. While the
situation can be useful sometimes, if there is a physical reason (e.g. evidence for the hidden
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symmetry, knowledge of the UV theory, etc.) or a technical reason (e.g. the UV theory is
renormalizable) it is not generic. The minimal description of our physics should not invoke
unwanted components.
Related to the point above, all known holographic setups of this kind involve more bulk
fields than the symmetry dictates. Two popular ways to achieve Warped AdS3 space-times
suffer from this condition. One is the massive vector model [56]. This system possess
massive vector modes that correspond to vector operators that are not conserved. Another
well studied setup corresponds to Topologically Massive Gravity [57, 58]. This system
produces Warped AdS3 solutions by including higher derivative corrections to the gravity
action. These terms introduce massive modes and jeopardize the UV behavior of the theory.
Our objective for this section is to build the minimal bulk description that contains
only information about the symmetries of our boundary theory without any unjustified
extra ingredient. We are searching for the equivalent of Einstein Gravity in AdS space-
times to standard CFTs. In general we can’t expect these models to be consistent by
themselves. Usually they are UV completed by e.g. string theory. The point is that at
this stage we don’t want to assume anything about this UV completion. Furthermore, we
will pay particular attention to the case of a 3 dimensional bulk. As we will see we might
have reasons to believe this theory is UV complete for similar reasons we have to suspect 3
dimensional Gravity [45] (or at least its Chern-Simons description [44]) might make sense.
5.1 General Holographic proposal
We present the following proposal to build a holographic dual to a boundary Quantum Field
Theory with an arbitrary symmetry group that presents a scaling invariance.
First, write down the minimal set of global symmetries of the theory and its associated
currents leaving the scaling symmetry out. By minimal set of symmetries we mean that
we should not include symmetries that are imposed on us necessarily given the minimal
set and the assumption of scale invariance. In the particular case of CFTs this means we
should only include translations and Lorentz rotations. The conformal generators come for
free once scale invariance is added to the mix, at least in two dimensions [16].
Next, couple these currents to background fields. These fields determine the geometry
our QFT couples to. We now must develop a theory of this geometry for arbitrary back-
ground fields and write all gauge covariant generalized curvature tensors for our background
fields. This is nothing else than Riemannian geometry for CFTs and the Warped Geometry
developed in section 3 for WCFTs. The endpoint of this process is given by equations of a
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form like (3.36) or (3.55).
The following step consists in generalizing this geometry to one space-time dimension
higher. This process might not be unique. Then, impose equations of motion for the
curvatures in this higher dimensional geometry. They should be such that in a minimal
setting they can be built from the higher dimensional background fields (that have now
become dynamical) themselves. If we have been successful the number of different equations
of motion we can write matches precisely the number of parameters our QFT possess at the
level of symmetries alone. For example, a parity invariant CFT is characterised at the level
of the symmetry algebra by one parameter alone: the central charge c. The holographic
dual of this situation is that under the same conditions the only free parameter for the
Einstein equations of motion at leading order in derivatives is the cosmological constant in
Planck units.
This discussion is a bit abstract. We will follow the steps above precisely in our case of
interest and will construct a minimal holographic dual to WCFTs. We will focus mainly on
a 3 dimensional bulk. Whether it is possible to carry out this program successfully in other
situations for QFTs with different symmetry groups is not obvious.
5.2 Lower Spin Gravity
Let us carry out the procedure outlined above. Actually we are almost done. From the
discussion in section 3 we know that the d dimensional curvatures that exist in Warped
Geometry are given by (3.55), which we reproduce below
T I = dAI + ΩIJ ∧AJ = 0, RIJ = dΩIJ + ΩIk ∧ ΩKJ , T¯ = dA¯ (5.1)
where we remind the reader that the index I = 1 . . . d − 1 captures only the euclidean
symmetry group SO(d − 1) acting on the xI coordinates. Notice we set the torsions T I
to 0. We do this so we can determine the spin connection ΩIJ from the A
Is as in usual
Riemannian geometry. Warped Geometry is however not the same as Riemannian geometry
as I does not run over all coordinates (t is left out). Also the associated curvatures to all
boost generators have been set to zero already and we omit them in (5.1). This was done
to preserve the scaling structure. Notice that while we won’t introduce a scale symmetry
in the bulk, this requirement is critical to have an extension of the scaling structure in the
bulk. One can think of this as what the extension of the light cone structure into bulk
represents in usual AdS holography.
One last comment about this geometry. It is possible to think of it as a dual version
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of Newton-Cartan. While there it is the number of t variables that has been generalized,
we emphasize that in the case at hand we are extending the number of scaling coordinates
xI . The reason behind this is grounded in holography. We expect the holographic direction
to capture information about the RG flow of the theory. Therefore, it is natural to extend
the scaling coordinates into the bulk. If the scaling structure had a more complicated set
of eigenvalues, it is an interesting problem to figure out how to arrive at the natural bulk
extension. This is a necessary point that needs to be confronted if one is interested in WN
CFTs.
The choice of equations of motion is therefore dictated by what can be written on the
right hand side of RIJ and T¯ in terms of the fields A
I and A¯ themselves as ΩIJ is a dependent
quantity. We are then looking for the most general covariant set of equations that can be
built from this ingredients to leading order in derivatives (i.e. without including multiple
powers of the curvature tensors) and with T I = 0. The answer is very simple and quoted
below for the general d dimensional case:
T I = 0, RIJ + cAI ∧AJ = 0, T¯ = 0. (5.2)
That is it. There are no other invariants that can be included at this order. c is nothing
else than a cosmological constant term and we expect it to determine the central charge of
the theory as in AdS/CFT . Therefore we fix c to be positive.
In d = 3 the situation is just slightly different. In that case there exists an SO(2)
antisymmetric tensor IJ and we can write:
T I = 0, RIJ + cAI ∧AJ + a T¯ IJ = 0, T¯ + bAI ∧AJIJ + dRIJIJ = 0. (5.3)
Some of these extra terms can be dealt with by diagonalising the equations of motion
above as:
T I = 0, RIJ +
c− 2ab
1− 2ad A
I ∧AJ = 0 T¯ + b− dc
1− 2adA
I ∧AJIJ = 0. (5.4)
With the exception of the degenerate case 2ad = 1 (which would violate the assumption of
vielbein invertibility), we can then always set a and d to zero. We are left with the following
equations of motion in components:
dA1 − Ω ∧A2 = 0, dA2 + Ω ∧A1 = 0, (5.5)
dΩ− cA1 ∧A2 = 0, dA¯+ 2bA1 ∧A2 = 0, (5.6)
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where we have defined Ω ≡ Ω21. These equations of motion can be derived from the
following Chern-Simons action.
S = κ
∫
bulk
A1∧dA1+A2∧dA2+2 Ω∧A1∧A2−α b
2 + 1
c
Ω∧dΩ−α c
4
A¯∧dA¯−α bΩ∧dA¯ (5.7)
where κ is an overall normalization and α is a free parameter. Notice that |α| can be
absorbed from the action by A¯ → A¯√|α| and b →
b√
|α| . Therefore only the sign of α has
physical meaning. In order to see what this action corresponds to we can make the following
field redefinition.
A¯ ≡
√∣∣∣∣ 4κcα
∣∣∣∣ B¯ − 2bc B3, A1 ≡ B1√c , A2 ≡ B2√c , Ω ≡ B3. (5.8)
The action becomes that of the SL(2)× U(1) Chern-Simons model
S =
k
2
∫
bulk
B1 ∧ dB1 +B2 ∧ dB2 −B3 ∧ dB3 + 2B1 ∧B2 ∧B3 − ξ
∫
bulk
B¯ ∧ dB¯ (5.9)
where k = 2κc and ξ = +1, 0 − 1 is just the sign of α. As in the dual WCFT description
we end up with one free continuous parameter, k, that will determine the central charge
and one discrete parameter, ξ, that decides the sign of the level of the U(1) Kac-Moody
algebra. Notice that b and |α| only appear in connecting SL(2)×U(1) variables to Warped
Geometric variables and are not fundamental parameters of the theory.
This is the gravitational dual to a WCFT. In analogy to the discussions of SL(N)
Chern-Simons theory, we call this theory Lower Spin Gravity. Notice that this is exactly
what this theory is. It describes the dynamics of metric field Gµν = A
I
µA
J
ν ηIJ satisfying a
chirality condition GµνA¯
ν = 0 and a (invertible) gauge field A¯µ in a completely democratic
way, same way as SL(N) does for higher spin fields. One should notice that we are abusing
a bit the notation by calling Gµν spin 2 and A¯µ spin 1 as they are really classified by the
boost symmetry operator B in our geometry and their weight.
In the following subsections we will re-obtain the Virasoro-Kac-Moody U(1) algebra
we expect the bulk to exhibit as non trivial gauge transformations in a way completely
analogous to the well known AdS3 case. Finally we make connection between this theory
and metric descriptions of Warped AdS3.
5.3 Boundary Conditions and asymptotic symmetries
In this section we define boundary conditions for our Lower Spin Gravity. We will do so at
the level of our SL(2)× U(1) Chern-Simons action and then translate what this means for
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our geometric variables given by the As and A¯. This problem has been studied in detail in
the literature. We will adapt the results of [39, 59, 60] to our case of interest. The discussion
follows closely the references above.
Let us introduce the standard Chern-Simons notation for the connection in terms of Lie
Algebra valued connections, B = B`J` where J` are SL(2) generators. Let us consider the
basis of SL(2) given by, L+, L− and L0
[L+, L−] = 2L0, [L0, L+] = −L+, [L0, L−] = L−. (5.10)
Writing B in components we can relate this basis with the one used in writing the action
(5.9).
B1 = B+ −B−, B2 = B0, B3 = B+ +B−. (5.11)
We can choose to normalize the generators by picking their trace as Tr[L20] =
1
2 and
Tr[L+L−] = −1. The Chern-Simons action becomes
S = k
∫
bulk
Tr
[
B ∧ dB + 2
3
B ∧B ∧B
]
− ξ
∫
bulk
B¯ ∧ dB¯ (5.12)
and the equations of motion become the condition that both B and B¯ are respectively
SL(2) and U(1) flat connections. In finding solutions to these constraints one can always
decide to make a gauge choice. We write the connections as
B = β−1dβ + β−1 (L+dx+ γ)β, B¯ = dt+ γ¯ (5.13)
where, if we parameterize our three dimensional bulk by coordinates (x, t, ρ), β = eρL0 is an
element of the SL(2) algebra and γ(x, t) is a ρ independent connection. Notice the constant
shifts introduced in defining γ and γ¯. This will be convenient when setting boundary
conditions. Explicitly, we have
B = L0dρ+ e
ρL+dx+ e
−ρL0 γ eρL0 , B¯ = dt+ γ¯. (5.14)
We can use this notation to write the variation of the action. On-shell this reduces, as
usual, to a boundary term:
δS = −k
∫
bdy
Tr [γ ∧ δγ + L+dx ∧ δγ] + ξ
∫
bdy
γ¯ ∧ δγ¯ + dt ∧ δγ¯ (5.15)
= −k
∫
bdy
dxdt Tr [γxδγt − γtδγx + L+δγt] + ξ
∫
bdy
dxdt γ¯xδγ¯t − γ¯tδγ¯x − δγ¯x.
The curious looking terms that are linear in γ and γ¯ play the same role as the shift
of the connections by some constant SL(2) generator in [39, 60]. The fact that the U(1)
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current gets such a term is connected to the fact that it has acquired a geometric role in
our construction.
A comment is in order about the boundary geometry. We pick the boundary to posses a
flat Warped Geometry. This is natural as the boundary theory will be a WCFT. This means
that the volume form is just unity, as used above. Importantly for what follows, there exists
a scaling structure in this geometry. This plays the role of a complex structure in usual
AdS/CFT . This way we will get away without ever defining a metric on the boundary. In
order for our variational problem to be well defined we add a boundary term of a similar
type to the one discussed in [39, 59, 60] :
Sbdy = −k
∫
bdy
dxdt qa
abq¯b q
cq¯d Tr [γcγd]+ξ
∫
bdy
dxdt qa
abq¯b q
cq¯d γ¯cγ¯d+ξ
∫
bdy
dxdt qa
abq¯b q
c γ¯c.
(5.16)
As we mentioned, we managed to write the integrals above with the help of the scaling
structure qaq¯b (3.39). This selects the preferred axis t and x, as the complex structure does
for the light-cone in the usual Lorentz invariant case. We stress there is no metric on the
boundary.
The full action has the following variation:
δSfull = − 2k
∫
bdy
dxdt qa
abq¯b q
cq¯dTr [γcδγd]− k
∫
bdy
dxdt qa
abq¯b q¯
cTr [L+δγc]
+ 2ξ
∫
bdy
dxdt qa
abq¯b q
cq¯dγ¯cδγ¯d. (5.17)
We see the variational problem is well defined if we fix q¯cγc = 0 and q¯
cγ¯c = 0. In (x, t)
coordinates the variation reads:
δSfull = − 2k
∫
bdy
dxdt Tr [γxδγt]− k
∫
bdy
dxdt Tr [L+δγt]
+ 2ξ
∫
bdy
dxdt γ¯xδγ¯t (5.18)
and all we are doing is fixing γt and γ¯t at the boundary.
We consider solutions of a similar form to the ones used in AdS3 [59]:
γ =
(
T (x)
k
− P (x)
2
kξ
)
L−dx, γ¯ =
P (x)
ξ
dx. (5.19)
These asymptotics are chosen such that the boundary warped geometry is constructed
from the leading pieces that were removed explicitly from the expressions above in (5.14).
For any arbitrary functions T (x) and P (x) these are flat connections. Given these solutions
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one can calculate the variation of the on-shell action with respect to the boundary warped
geometric data qa and q¯a. If our theory yields a holographic description of the boundary
WCFT we expect this calculation to give the currents Ja and J¯a in (4.9). Part of the
variation comes from changing this data directly. Only (5.16) is affected by such change as
the bulk action is topological. There is a second contribution. Notice that when calculating
this variation the boundary conditions q¯aγa = q¯
aγ¯a = 0 need to be maintained as to not
change the Dirichlet problem. This implies that the boundary values of the fields need to
change as
q¯aδγa = q
aγaq¯
bδqb + q¯
aγaq¯
bδq¯b, q¯
aδγ¯a = q
aγ¯aq¯
bδqb + q¯
aγ¯aq¯
bδq¯b. (5.20)
Including these effects the total action variation on shell is
δSfull =
∫
dxdt T (x)δqt + P (x)δq¯t. (5.21)
This matches exactly the field theory result (4.9) in flat space. We have thus managed
to calculate the conserved currents of our WCFT holographically and can identify T (x) and
P (x) with the WCFT values (4.20).
We can calculate the algebra of these currents by repeating the calculation in [59]. One
can ask what is the set of gauge transformations that leave the form of the solutions (5.13)
invariant. That is we are looking for ϕ and ϕ¯ such that
δ (L+dx+ γ) = dϕ+ [(L+dx+ γ) , ϕ] =
(
δT
k
− 2PδP
kξ
)
dxL− δγ¯ = dϕ¯ =
δP
ξ
dx (5.22)
does not change the form (5.19). It turns out the most general solution is parameterised by
functions (x) and ¯(x) as
ϕ = L+ − ∂L0 +
(
1
2
∂2+
(
T
k
− P
2
kξ
)

)
L−, ϕ¯ =
¯
2
+
 P
ξ
. (5.23)
Under these transformations, T (x) and P (x) transform as:
δT = ∂T + 2T∂+
k
2
∂3+ P∂¯ δP =
ξ
2
∂¯+ ∂P + P∂. (5.24)
These are the same Schwarzian derivatives presented in [17]9 for the Warped Conformal
algebra. We can read the Virasoro central charge cˆvir and the U(1) Kac-Moody level kˆu(1)
from these expressions:
cˆvir = 6k, kˆu(1) = ξ. (5.25)
9There, different sign conventions were used.
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We conclude the bulk posses the same infinite dimensional family of conserved symmetry
charges as a WCFT. It is a straightforward exercise to use the algebra above to compute
charges as in [59].
5.4 Warped AdS3 space-times from Lower Spin Gravity
We can now use the form of γ and γ¯ to write down B and B¯ explicitly using (5.14) as
B0 = dρ, B+ = eρdx, B− = e−ρ
(
T (x)
k
− P (x)
2
kξ
)
dx, B¯ = dt+
P (x)
ξ
dx.
(5.26)
We see explicitly that each component is invariant under rescalings ρ→ ρ−log λ, x→ λx
if we assign weight 1 to P (x) and weight 2 to T (x) under the transformation. This is the
statement that the dual theory has a scale invariance. Furthermore we see that the Warped
Weyl symmetry is explicit in this form. The expressions above retain the same form under
the changes of coordinates responsible for Warped symmetry [17].
x→ f(x), t→ t+ g(x). (5.27)
Warped Weyl invariance (4.22) with generic coordinate dependence can be seen by
allowing more general bulk diffeomorphisms.
These fields posses a definite scaling weight. One could now go back to (5.8) to express
the original A and A¯ fields in terms of the expressions above. Notice that the extra param-
eters involved are not fully physical, i.e. they do not appear in (5.9). They correspond to
a particular identification of geometry variables A, A¯ from the fundamental Chern-Simons
variables B, B¯. They are analogous to the AdS radius in usual AdS3/CFT2 which is not a
physical variable, only its value in planck units is.
As this identification of the As is a bit arbitrary, in what follows we will consider a
generalization of (5.8). Let us take the SL(2) × U(1) Chern-Simons action (5.9) as the
fundamental theory and consider defining A1, A2, Ω and A¯ from a generalized identifica-
tion. Define three linearly independent vectors in SL(2), (ζ`0, ζ
`
1, ζ
`
2) and the inverse vectors
(ζˆ0` , ζˆ
1
` , ζˆ
2
` ) such that
ζˆI` ζ
`
J = δ
I
J for I, J = 0, 1, 2. (5.28)
These vectors define a particular identification of Chern-Simon fields B with the geo-
metric variables A as:
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A¯ ≡ A0 ≡
√∣∣∣∣ 8kc2α
∣∣∣∣ B¯− 2bc ζˆ0` B`, A1 ≡ ζˆ1` B`√c , A2 ≡ ζˆ2` B`√c , Ω ≡ ζˆ0` B`. (5.29)
Notice that by picking these vectors to give generators in different conjugacy classes of
SL(2) we can change the signature in the A1, A2 space. This is a simple way of considering
the extension of the SO(2) symmetry in Warped Geometry to SO(1, 1) and even a degen-
erate case where one of the vectors ends up being light-like as we will see below. Let’s see
how this works.
Notice that the natural metric on SL(2) induces a metric on the fields A0, A1 and A2
since B¯ has no non trivial commutator with the SL(2) generators as there is no mixed term
in the action (5.9). This metric is given by
MIJ = ζ
`
I g`k ζ
k
J (5.30)
where g00 =
1
2 , g+− = g−+ = −1 and the other components vanish.
It is then possible to define an SL(2)× U(1) invariant quadratic form:
ds2 = AIMIJA
J (5.31)
Let us now show that this reproduces the metric of Warped AdS3 space-times of all
kinds and warpings, following the classification of [2]. We have basically 3 different options.
We can pick ζ0 to parameterize an elliptic (space-like) , parabolic (light-like) or hyperbolic
(time-like) generator of SL(2). Let’s work out each case in detail. We pick the following
notation for our vectors: ζ = (0,+,−).
• Time-like: ζ0 = (0, 1, 1). A convenient basis for the other generators is ζ1 = (0, 1,−1),
ζ2 = (1, 0, 0). This corresponds to the same conjugacy class as the original iden-
tification (5.8). We want to construct vacuum solutions, so following [17] we set
T = − c24 = −k4 and P = 0 in (5.26). We also introduce the coordinates r = ρ+ log 2
and y = −x. Then:
ds2 =
`2
ν2 + 3
(
dr2 + cosh2 rdy2 − 4ν
2
ν2 + 3
(dt+ sinh r dy)2
)
(5.32)
where we have written
1
2c
=
`2
ν2 + 3
, b2 =
ν2
2`2
, |α| = 8
kb2
. (5.33)
This is the exact form of the time-like Warped AdS3 space-times as seen in [2]. Notice
c and b give the AdS radius and the warping parameter. The value of α can always
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be changed by a coordinate redefinition of t. All these variables are not physical in
our case and determine just a particular way of choosing geometric vielbeins from the
Chern-Simons variables.
• Space-like: ζ0 = (0, 1,−1). A convenient basis for the other generators is ζ1 = (0, 1, 1),
ζ2 = (1, 0, 0). Here, as we change the signature we need to revert the sign of the
currents, so we choose T = c24 =
k
4 and P = 0. Using the same coordinates as above
we obtain
ds2 =
`2
ν2 + 3
(
dr2 − cosh2 rdy2 + 4ν
2
ν2 + 3
(dt+ sinh r dy)2
)
. (5.34)
This is space-like Warped AdS3 as displayed in [2].
• Light-like: ζ0 = (0, 0, 1), ζ1 = (0, 1, 1), ζ2 = (1, 0, 0). In this limit we take a Poincare
patch which forces in the vacuum T = P = 0. The metric becomes in suitable
coordinates:
ds2 = `2
(
dρ2 + e2ρdx2 + eρdxdt
)
. (5.35)
This is null Warped AdS3 [2]. Notice that the above result requires b =
√
c
2 . According
to (5.33) this implies ν2 = 1 in this case. This agrees with the results in [2].
We have thus obtained all Warped AdS3 solutions within one single Chern-Simons bulk
theory. The distinction between them amounts to different identifications of vielbein in
only one theory. It should be pointed out that while the definition of a boundary for the
space-times above is not completely clear as different components of these metrics scale
with different powers, the Chern-Simons description already classifies fields according to
their weight. No such ambiguity arises, thus, in the Lower Spin Gravity formulation.
6 Conclusions
In order to understand the basic principles behind holography, it is crucial to be able
to extend the dictionary to non-AdS space-times. Furthermore, as it has become clear
through the study of higher-spin theories, it is sometimes useful to generalize the concept of
geometry in order to write bulk theories that can describe the physics of theories with exotic
symmetry groups. In parallel to these developments in holography, it is always important
to understand and extend the space of QFTs that can be solved exactly. They gives us
a benchmark on what to expect from strongly coupled field theories and they represent a
lamppost to develop and check holographic dualities.
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In the present work we have presented results that sit at the intersection of these roads.
First, we have presented a physical definition of a WCFT by highlighting the important
role of the boost symmetry t → t + vx . It turns out that this singles out WCFTs among
scaling theories in much the same ways as Lorentz symmetry singles out CFTs. With this
new insight we developed the necessary geometric setting to couple WCFTs to background
fields. This geometry is not Riemannian. It carries the boost symmetry action in its tangent
space instead of the Lorentz algebra. Once the dust settles, in generic dimension d, this
geometry can be described by a diffeomorphic covariant language where some components of
the torsion vanish (as in Riemannian geometry) but also some components of the curvature
vanish (as in Weitzenbo¨ck geometry). We derived these conditions by demanding that the
geometry supports a scaling structure. Physically, this means that there exists preferred
axes that can be assigned scaling weights if one so chooses. The role of this geometric
construction is analogous to the existence of a complex structure in Riemannian geometry.
This allows for the coupling of a WCFT to the geometry.
These developments allowed us to build a fully covariant formalism for WCFTs in curved
spaces. With it we can study the symmetries of the problem and the associated conserved
currents by using background field methods. These methods are powerful as they imply
certain invariances of the partition functions of these theories under Warped Weyl scal-
ings (4.22). WCFTs do not couple to a metric naturally, so their symmetries are better
represented by these new transformations acting on background fields Aµ and A¯µ in d = 2.
An important upshot of having a fully covariant formalism is that we could write ex-
plicitly two examples of (free) WCFTs. This is important, as we now expect to be able to
extend this family in an analogous way to what is done in the existing literature on CFTs.
This could be interesting as some specific examples could prove useful both in condensed
matter physics applications, where it seems natural to give up Lorentz symmetry, and from
a purely formal point of view. For example, it is expected that there exist Warped Minimal
Models that can be written explicitly. One reason to suspect this is the case is that there
is a strong connection between WCFTs and chiral CFTs. It seems that if the CFT possess
a target space dimension where physics is manifestly local, WCFT makes this manifest by
putting target space symmetries together with base space symmetries. As such, WCFTs
treat democratically spin 1 and spin 2 currents from the point of view of the chiral CFT.
This last point is of importance. Encouraged by the success in unifying the discussion
of currents of different spins one could conjecture the existence of a similar formalism that
could be developed in the study of WN CFTs. One of the main difficulties in understanding
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deformations of WN models is that higher spin currents are irrelevant under the usual
renormalisation group classification. Deformations of this sort have been recently considered
in [39]. This classification, however, singles out the scaling generator in the WN algebra
and breaks democracy in a manifest way. If one had a more covariant formalism where
conformal and higher spin symmetries were discussed within the same framework it might
be possible to keep these deformations under control.
In section 5 we discussed a general holographic construction of bulk duals. This con-
struction is minimal in the sense that it does not include any bulk fields that are not
required by symmetry. This is certainly not the case of the Topologically Massive Gravity
and massive vector model constructions. This minimal bulk theory can be written as a
SL(2)× U(1) Chern-Simons theory. We call this theory Lower Spin Gravity, in analogy to
the Chern-Simons formulation of Higher Spin Gravity. In order to arrive at this construc-
tion it was critical to have a precise understanding of the boundary warped geometry. We
also discussed how to obtain the infinite dimensional symmetry algebra by adapting the
usual discussions for AdS3 in the SL(2) Chern-Simons description. It is important to stress
that the U(1) plays a geometric role, exactly as SL(2) does. This introduces non standard
boundary terms in defining the Chern-Simons theory. Lastly we were able to connect this
formalism with the usual Warped AdS3 space-times discussed in the literature [2, 3].
As a future direction, we mention that one could use Lower Spin Gravity to better under-
stand holographic renormalization in this context. This theory separates clearly background
fields with different scaling weight as opposed to the usual Warped AdS3 descriptions. This
simplifies greatly the definition of a boundary and could help understand the necessary
counter-terms. Furthermore, Lower Spin Gravity is a much simpler and better behaved
theory than Topologically Massive Gravity.
Another possible direction consists in using the formalism developed here coupled to
what is known in generic Chern-Simons theories [61, 62] to compute entanglement entropy
both in a QFT and a holographic setup. Notice that the knowledge of how partition
functions transform under changes of the background sources makes this problem very
similar to existing CFT calculations. From the point of view of the bulk, the understanding
of concepts analogous to geodesics [63] and minimal surfaces in Warped Geometry allows
for the generalization of standard holography techniques. This is work in progress [52].
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